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ABSTRACT

Tandem solar cells have demonstrated the potential to increase the efficiency of solar
energy conversion. The detailed balance principle introduced by Shockley and Queisser
1961 was later applied by De Vos 1980 to study the tandem structures. Although the
mathematical formulation is simple, the mathematical resolution is rather complex but
fairly accurate. In this work I describe a simple Monte Carlo (MC) technique to
determine the detailed balance limiting efficiency for tandem solar cell stacks. This
statistical method used a simple sampling scheme which is adequate to resolve a
complex equation system that is depicting a large number of multi-junction without any
further approximations. In current-matched tandem solar cells, the band gap of each
sub-cell has to be chosen so that the current flowing through each of the sub-cells is the
same. Finding from this study fcus on10 stacked junctions; the algorithm can be applied
to a larger number of sub-cells. The simulation is carried out with four different
conditions; under black body, AM1.5G, AM1.5D spectrums and maximum concentration.
The method employed in this study provides a useful tool for researchers to assess the
optimum band gap arrangements of current constrained solar cell stacks together with a
predicted efficiency limit. The results claim that the application of MC technique is in
agreement with the finding from previous studies.
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1. INTRODUCTION

Shockley and Queisser (SQ) [1] initially calculated the detailed balance limit efficiency for an
ideal solar cell, consisting of the single semiconducting absorber with an energy band-gap Ej. A
single p-n junction solar cell is illuminated to generate electron hole pairs by using the
electronic transition. This phenomenon is known as quantum process and happen due to
fundamental absorption of photons with energies which is greater than the energy-gap (hv >
Ej).. The photogenerated pairs is recombined locally or being circulated in an external circuit
and transmit their energy. The approach is conducted based on the following main assumptions:
i)- the probability is equal to unity whena photon, with energy hv > E; is projected on the cell
surface and produced a hole-electron pair. But, photons with lower energy do not produce any
effect during the incident. ii)- all photogenerated electrons and holes are thermalized to the
band edges (photons with energy greater than E; produce the same effect). and iii)- all
photogenerated charge carriers are collected at short-circuit condition and the upper detailed
balance efficiency limit is obtained if radiative recombination is the only permitted
recombination mechanism.
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For a single junction solar cell, all photons with energies below the bandgap are not being
absorbed. The photons are assumed as becoming transparent because it does not cause any
effect on the energy conversion. Whilst the remaining photons which hold energies greater than
the gap) carried a certain amount of energy that and contributes to the creation of electron-hole
pairs. Following to this, the extra energy is lost to the surrounding. These two effects, can lead
to 50% of the solar radiation energy loss incident on one single junction cell. However, the
limitation for maximum solar conversion efficiency is estimated to be around 33.7% by
assuming a single p-n junction. The well known approach on how to surmount such efficiency
restraint is through the use of tandem or stacked cells. These sub-cells consist of multiple p-n
junctions, where each junction is tuned to a particular energy range of the solar spectrum. But,
the utilization of stacked single junction solar cells which is operating in tandem is argued to
exceed the performance of one p-n junction solar cell operating alone. The energy bandgap of
each sub-cell is tuned to absorb a minute part of the solar spectrum. When the number of solar
sub-cells working in a tandem stack are increasing towards infinity, this in turn has increased
the upper-limiting efficiency of the stack to the absolute theoretical maximum efficiency. This
alternative will become increasingly feasible with the possible evolution of materials technology
over the decades to 2020 [2,3].

2. THEORY

From using the detailed balance principle, in a steady state condition, the flow of current density
J(V) through an external circuit has caused an increase of total algebraic rates of electron-hole
pairs. Due to the recombination (radiative and non-radiative), the current density is
corresponding to the absorption of incoming photons from the sun and surrounding
background.) [4,5]. This process yield general current voltage characteristic formula as below:

JW) = qCfos(Eg) + (1 = CH@a(Eg) = - 0c(Eg, V) &)

where ¢; @, and ¢ are the number of photons emitted from sun, ambient atmosphere and the
solar cell (converter), per unit area per second within an interval of frequency dv, with:

_ 2my o vidy
¢5(Eg) = (Cz) fvg exp(%)_l (2.a)
_ 2my (o v2dv
0a(Eg) = (D ), o aw (2.b)
_ 2m (®© v2dv
PDs (Eg, V) - (CZ) fvg exp(ml/(;zV)_l (ZC)

where T;, Tq and T. are the respective temperatures of the sun, ambient background, and solar
cell. C and fare represented by the sun concentration and geometrical factors. frr represents the
fraction of radiative recombination rate or radiative recombination efficiency. When Urg and Unr
are radiative and non-radiative recombination rates,hence fzr is defined as:

fap = 28 (3)

URrtUNR

To determine the efficiency limit of tandem solar cells, the detailed balance principle is crucial
to applied. In this approach, the limit is taken independently from semiconductor properties
except for the band-gap of each single cell. Due to this, a number of assumptions are necessary
in order to calculate the theoretical efficiency.

Firstly, it is assumed that radiative recombination is the only recombination mechanism; it is
also assumed that the sun, ambient and solar cell emits light as black bodies with fluxes given by
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Planck law of radiation. Secondly, the sub-cells are arranged with the largest band-gap sub-cell
the top of the structure, i.e. nearest to incoming radiation and bottom sub-cell has the lowest
band-gap (Eg: > Eg2 > Eg3 ...> Egn1) > Egn). Third, each sub-cell is assumed to absorb all the
photons with energies greater than its band-gap. Similarly, each sub-cell is transparent to
photons that have energies below its band-gap. Lastly, the energy selective reflectors are
inserted between each pair of sub-cells for optimum performance. Hence, the electrical current
crossing the ith sub-cell (Ey,) (i = 2, 3....n-1) by the detailed balance principle is:

JiV) = aCf s (Eg,i Egima) + (1 = CH@a(Egir Egi-1) = +—9c(Eg i Egim1, Vi) )
With
' ' _ (27 (Vgi-1 vZdv
Ps (Eg'“ Eg’l_l) (62) fvy.i exp(kh_;s)_l &)
. . _ (27 (Vgi-1 vidv
9a(Egi Eg.i-1) (Cz)fvg,i exlD(khT_Va)_1 )
And
27T, (Vgi- vidy
E,iEgi,Vi) =) [ 9 — e 7
405( g,irEgi-1 l) (Cz)jvg'i exp(th—chVl)_l (7)

The topmost sub-cell (i = 1) has the same J(V) expression as a single junction( Eq. 1). For the last
sub-cell, i = n (bottom sub-cell) upper limit of integration is set to infinity.

The obtained equation system is presented under maximum efficiency conditions for current-
matched tandem cells with two conditions: first the power output of each sub-cell is required to
be at maximum state P; = Pp,;, with Pp; = JmVm; second, the maximum current density has to be
equal for each sub-cell, Jn; = Jm (i = 1, 2, 3....n). With these constrains, the solution of a large
equation system is complicated and necessitates to elaborate further the solving techniques [6-
11]. In the present work, [ used a numerical method from Monte Carlo statistical technique.

3. MONTE CARLO METHOD

Monte Carlo method is a tool used to simulate systems with many coupled degrees of freedom.
In this technique, a large number of points are scattered uniformly over a defined interval as
inputs before computation is done on each point. The method is useful to obtain numerical
solutions for problems which is analytically complicated. The most common application of the
Monte Carlo method technique is conducted for integration. Apart from this, it is also used to
minimize (or maximize) functions of some vector with a significant number of dimensions. To
obtain accurate solutions, a large number of stochastic events is needed to be reproduced. Due
to this, the decision lead to an increase of computing time . Therefore, several algorithms are
suggested to reduce the variance and execution time. Hence, it is suggested that a proper
sampling technique can help to improve enormously the performance of a Monte Carlo
program. In importance sampling scheme certain values of the random input variables in a
simulation have more impact on the parameter that is being estimated than others. Therefore, if
these "important” values are emphasized frequentlythrough proper sampling technique more,
it is expected that the estimator variance can be reduced.

This paper claims that Monte Carlo method with a simple form of Importance Sampling scheme
is adequate to resolve a complex equation system of a vast number of multi-junction or tandem

solar cells without any further approximations. Additionally, to estimate the photon flux for a
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black body I used the Incomplete Riemann Zeta Integrals (IRZIs). The energy domain is divided
into sub-domains to match with the number of stacked cells by taking a minimum Eg i, and a
maximum Eg .. energy values as limits to define useful solar spectrum. In this approach, the
optimized energy gaps of preceding (n -1) sub-cells stack are used to obtain sampling domain
for the present set of n sub-cells. An optimum value is expected within A£; ; range, as shown in a

schematic representation of Figure 1, where superscript n represents the total number of sub-
cells in a stack and subscript i stands for subscell order within the stack (i =1, 2... n).

AEg; = Egity —Egi* (i=2,3..n-1) 8)
AE}y = Efmax — Eg1t (i=1) 9
AEgn = Egnls — Efmin (i=n) (10)

For n tandem cells, firstly a random number r; is drawn (0 < r; < 1) to calculate the top most
energy gap Eg;.This is calculated using formula: Eg; = r;AEZ , then the maximum power point
(MPP) for this sub-cell is determined applying the detailed balance principle. The maximum
corresponding current density is determined using /., ; = Jiax and taken as that of the whole
stack, as for current matched tandem solar cells. A second random number r; and an energy gap
Eg is calculated using equation (8) then Eg, = r,AEZ,. After calculating the MPP for this sub-
cell, if the maximum current density is very close to J}},,, (in our simulation, less than 0.01 % of
Jhax is accepted) then a third random number is drawn and so on.

On the contrary, if the sub-cell maximum current density is different from J}} .., a second stage
analysis is repeated until I find an energy gap that gives a current density with the order of /7, ...
The same procedure is repeated until the analysis yield the expected n energy gaps. Once the n

energy gaps are determined I extract a total maximum voltage V1, = XiL; Viyg,; and the
.- 7 Vit . .
overall efficiency n = ]m“;ﬂ are extracted, the same task is repeated several times (N) and
m

different efficiency values, for each set of energy gaps, are obtained. The set of n energy gaps
which gives the highest efficiency is retained; obviously optimized energy gaps with a maximum
efficiency are reached when N is large.

n
n
AEgi AEg,i+1
n n
expected Eg,i expected Eg,iﬂ (n) cells
(n-1) cells
4] o o = 4 Py
g i1 Eg 1) EQ it

Figure 1. Schematic diagram of the sampling energy band-gap segments of each sub-cell (i and i+1) of the
n stack extracted from the n-1 stack.
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4. SIMULATION RESULTS AND DISCUSSION

The first case to be simulated is a single junction cell with anexpected energy gap between
maximum and minimum energy values, Enin= 0.35 eV and Ena= 3.3 eV. This simple run is
carried out in order to test the program, and find an optimum single energy gap.

Figure 2 illustrates the efficiency against energy band-gap of a solar cell when it isusing
different spectrums (AM1.5G AM 1.5 D and black body spectrum at Ts = 6000°K, under both
natural and concentrated sunlight). For maximum theoretical efficiency, it is assumed that the
calculation recombination is only for radiative (fpz = 1) and 100% external fluorescence
efficiency. This means that all emitted photons from the cell are allowed to escape [12]. The
theoretical maximum efficiency is 45.02% for AM1.5D at highest concentration. Therefore, it can
be concluded that in the best of cases, more than 50% of the solar energy is lost because of
spectral mismatch; photons with energies below the gap are not absorbed, and the excess
energy of absorbed photons with energy higher than the gap is dissipated as heat.
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Figure 2. Upper limits for single junction solar cell, as a function of band-gap energy for different solar
spectrums (black body, AM1.5G, AM1.5D, un-concentrated and concentrated conditions).

For two tandem solar cells, Monte Carlo technique was applied, and the results are shown in
Figure 3. The sample size, number of random numbers, to be drawn is mxm, since for each top
sub-cell m bottom sub-cells are needed, this applies to the case of unconstrained tandem stacks
where each sub-cell’s operating point is independent of others operating points. In the case of
constrained tandem stacks for each top sub-cell only one bottom sub-cell verifies the condition
of the current match. Thus a shorter calculation time is required. Therefore, as shown in figure 3
unconstrained stacks are represented as contours of equal efficiency, whereas, the constrained
ones are gathered in single lines (dotted lines), and the maximum efficiency is slightly lower.
The best-obtained results are 60.33% and 60.29% for unconstrained, and series constrained
tandem double junction solar cells respectively, under fully concentrated AM1.5 direct solar
spectrum (Fig. 3 (d)).
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Figure 3. Contour plots of calculated efficiency versus sub-cell band-gaps of unconstrained two-sub-cell
tandem for different solar spectrums; panel (a) black body C = 1, panel (b) black body C = Cpax, panel (c)
AM1.5D, panel (d) maximum concentrated AM1.5D spectrum and panel (e) AM1.5G spectrum. Series
constrained two-sub-cell tandems are represented by dotted lines.

The program is execute by increasing the number of tandem solar cells. In this algorithm, the
optimized energy gaps of preceding (n-1) stack are used as input data to determine importance
sampling domains for the following n stack. At the end of each sub-cell calculation, a rejection
technique is used, and the calculation restarts from the second sub-cell energy gap when the
maximum current density does not match the top sub-cell's current density J7},,,. This rejection
technique allows this study to address an important reduction in computation time (case of
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constrained series connected stacks). The size of samples is increased to investigate
convergence and calculating time. If the size of a sample or sampling number for one sub-cell is
m then, total sampling number is N = m», with n the number of sub-cells in a stack. Figure 4
represents upper efficiencies for a number of sub-cells equal to 2, 4, 6, 8 and 10 versus sampling
number of one sub-cell (m = N¥/™). For a stack of two sub-cells a sample of 50x50 (m = 50) is
sufficient to saturate (converge) to a constant efficiency value. As the number junctions is
increased the required sampling size is increased too; to reach about m = 600, that is N = 6001°.
Therefore this study conclude that as the number of sub-cells in a stack is increasing, hence the
sampling number is increasing as well to obtain stable value of efficiency. As one can see from
Fig.4, a value of 103 is an acceptable value for a statistical technique and the calculation time is
very satisfactory even for a stack of 10 sub-cells.
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Figure 4. Maximum efficiency for series constrained tandem solar stacks versus the sampling size under
one sun (black body spectrum), with n sub-cells.

Tables 1 until 5 show the optimum band-gaps, and upper limit efficiencies for series
constrained tandem stacks under conditions; black body, AM1.5 global, AM1.5 direct, un-
concentrated and concentrated radiations. The simulation technique is applied to a number of
sub-cells from n =1 to 10, taking a sampling number of N = 103n, this size is very satisfactory up
to 10 sub-cells. The obtained results is presented with the same orders from most published
work that employed more elaborate techniques if compared to the application of Monte Carlo
method. In previous studies [6], maximum discrepancy of efficiency for cells up to six junctions
is less than 2.55% for AM 1.5 global solar spectrum. Whereas, the value for black body spectrum
is significantly lesser with onlyis 0.7%.

Table 1 Listing of optimum band-gaps and efficiencies for series constrained tandem stacks, maximum
concentration from black body spectrum

n__ Eg Eq2 Egs Egs Egs Eqe Ej7 Ew Ep Ego 1n(%)
1 111 - - - - - - - - - 40.74
2 145 0.77 - - - - - - - 55.46
3 182 114 0.61 - - - - - - - 63.15
4 202 139 094 0.51 - - - - - - 67.88
5 217 156 115 0.79 042 - - - - - 71.08
6 231 172 133 1.02 0.72 0.39 - - - - 73.42
7 242 185 148 1.18 092 0.66 0.37 - - - 75.17
8 251 195 1.59 130 1.06 0.83 0.60 0.33 - - 76.55
9 260 205 169 142 1.19 098 0.77 0.56 0.31 - 77.65
10 2.67 212 178 151 129 1.09 090 0.71 052 0.27 78.55
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Table 2 Listing of optimum band-gaps and efficiencies for series constrained tandem stacks, under one
sun black body spectrum

n__ Eg E2 Egs  Eju Eys Ew Egyp  Egs  Eg  Ego  n(%)
1 131 - - - - - - - - - 30.96
2 170 0.98 - - - - - - - - 42.51
3 195 1.29 081 - - - - - - - 48.64
4 214 152 110 0.72 - - - - - - 52.46
5 228 169 130 097 0.65 - - - - - 55.08
6 241 183 145 115 088 0.61 - - - - 56.99
7 251 195 159 130 1.05 082 0.57 - - - 58.43
8 260 205 169 142 1.18 097 0.76 0.54 - - 59.57
9 268 213 178 152 129 1.09 090 0.71 0.51 - 60.48
10 2.73 219 185 159 137 118 1.00 0.82 0.65 044 61.18

Table 3 Listing of optimum band-gaps and efficiencies for series constrained tandem stacks, for an AM1.5

G spectrum
n__ Eg Eq2 Egs  Eju Eys Ew Egyp  Egs  Eg9  Ego  n(%)
1 133 33.74
2 163 096 45.74
3 190 137 094 51.57
4 2,00 150 112 0.72 55.20
5 213 1.65 130 1.00 0.70 57.56
6 223 178 146 119 095 0.69 59.51
7 232 188 158 135 1.13 092 0.66 60.67
8 235 192 163 140 1.18 097 0.74 0.50 61.65
9 241 200 172 149 127 112 094 0.73 0.50 62.50
10 247 2.07 180 158 140 121 1.04 0.83 0.72 049 62.66

Table 4 Listing of optimum band-gaps and efficiencies for series constrained tandem stacks, for an AM1.5

D spectrum
n__ Ey Epp  Ep3  Ep Egs Eqo Eg7  Ew  Ep Ego  n(%)
1 1.33 33.15
2 157 0093 45.29
3 185 133 092 50.91
4 193 144 1.04 0.69 54.60
5 207 160 126 099 0.70 56.83
6 217 174 143 1.17 094 0.69 58.99
7 221 179 149 1.23 1.00 0.76 0.51 59.61
8 228 187 1.58 137 1.15 096 0.74 0.44 60.62
9 235 195 1.68 146 125 110 093 0.73 0.42 61.18
10 236 196 169 150 126 1.11 094 0.77 0.53 034 61.75
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Table 5 Listing of optimum band-gaps and efficiencies for series constrained tandem stacks, for
an AM1.5 D spectrum at maximum concentration

n_ Eg Ewp Egps  Ege  Eps  Ep Eyy  Ep  Egp  Ego 1(%)
1 112 45.02
2 143 0.69 60.31
3 174 117 0.69 67.61
4 187 136 095 0.50 72.33
5 200 153 1.17 0.80 0.49 74.16
6 211 166 135 1.05 0.77 047 76.25
7 220 177 147 121 099 0.75 0.46 77.84
8 227 186 1.57 135 1.14 095 0.73 0.45 78.97
9 233 194 166 145 1.23 1.05 0.83 0.71 0.44 79.77
10 239 200 174 1.53 135 1.17 1.00 080 0.70 0.43 80.35

5. CONCLUSION

In this paper, I have calculated the limit efficiency and determined the optimal band-gaps of a
tandem solar cell system, consisting of n (n = 1, 2...10) homojunction cells using the detailed
balance approach. The calculation employed Monte Carlo statistical technique to resolve
equation system that is significantly potential to describe the current density versus voltage
characteristics of each sub-cell, to determine its maximum power point. The application of
rejection technique is a potent tool to reduce the calculating time for current matched tandem
solar cells. The highest estimated efficiency in this work is 80.35% reached for a stack of 10
junctions under fully concentrated AM1.5 D solar spectrum. This value is not far away from the
upper theoretical efficiency limit of 86.8% predicted for an infinite number of junctions [4]. The
obtained optimal energy gaps are in fair accord with most available data from literature [6-11],
though they are achieved using elaborate numerical techniques. Monte Carlo method could be
improved by taking into account the sub-cell thickness and its effect on matching the maximum
current density.
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