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ABSTRACT 
 

When the laser medium is pumped by a high pump power beam, the thermal effects are 
unavoidable. At this point, the gradient temperature generated inside the laser medium is 
essential for the simulation of the heat-induced laser medium damage. Based on 
experimental operating conditions listed in works of literature, a theoretical model was 
derived to reduce damages in solid-state lasers rod with double end-pumping geometry. 
Analytical thermal stress expression is obtained for the Super-Gaussian pumping profile with 
various exponent factors (n) and various pumping ratios (rP). The obtained results show that 
the generated thermal stresses within the laser medium can be significantly reduced with 
the increase of both (n) and (rP), due to more uniform distributions, and hence the prospect 
for pumping power scaling can be improved. Also the proposed analysis was examined and 
the total maximum pump power of 120 W under lasing and 90 W under the non-lasing 
operations, were obtained respectively at an exponent factor of (n=32) with a pump ratio of 
1/2.   
 
Keywords: End-pumping lasers, fracture stress, solid-state lasers, super-Gaussian 
pumping, thermal stress 

 
 

1. INTRODUCTION 
 
Many applications require high-power lasers. However, as the pump power increased, an uneven 
temperature and stress gradient will be generated in the laser rod [1]. Hence, the thermal effects 
(thermal birefringence, thermal lensing, and fracture due to thermally induced stress) took place 
and play a significant role in the design of solid-state lasers since they are inescapable [2]. 
 
Many literature works study thermal problems effects in solid-state lasers utilizing several  
design configurations [3–11]. A Full temperature analysis was evaluated in end-pumped solid-
state lasers [12], utilizing  different pumping profile types. An investigations of the heat 
generations in  single and dual end-pumping geometries were examined numerically by [13,14] 
for a commonly used lasers media. By considering temperature-dependent thermal conductivity, 
thermal model in a  double-end pumping cylindrical laser rod was fully analysis utilizing top-hat 
pumping and Gaussian beam profiles by [15-17]. 
 
In this work, our previous analysis of temperature distributions [18] was extended to derive a 
theoretical model to reduce damage stress in double-end-pumped solid-state laser rod using a 
Super-Gaussian pumping profile. By considering different pumping ratios, the prospect of 
pumping power scaling can be improved before the rod is subjected to fracture. 
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2. THERMAL STRESS ANALYSIS 
 
According to figure 1, a pump beam with an equal radius and different exponent factor (n) was 
focused on the center of each laser rod face to achieve a double-end-pumping configuration. By 
considering thermal conductivity as function of temperature, the conduction heat equation was 
solved analytically to estimate radial temperature distributions using Kirchhoff’s transform.    

 

Figure 1. End-pumped geometry, where the source (Pump1) located at r = 0 and (Pump2) at z = L. 

 
In general, heat equation in steady-state for a cylindrical rod with temperature-dependent-
thermal conductivity can be given as [2]: 
 
𝛻. [𝐾(𝑇)𝛻𝑇(𝑟, 𝑧)] +  𝑄(𝑟, 𝑧) = 0                                                                                               (1) 
 
where 𝑄(𝑟, 𝑧) denotes the dissipation of heat density and 𝐾(𝑇) is the temperature-dependent 
thermal conductivity. 
 
Referring to Figure1, and to establish the temperature distribution, we assume that the rod end 
faces are in thermal isolation while the rod length is in convection so; the boundary conditions 
can be written as: 
 

−
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and, 
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Therefore, two solutions might be obtained for equ.(1), one for the pump region where (0 ≤ r ≤ 
w) and the other for the un-pumped region where (w< r ≤b). Accordingly, the difference in 
temperature between the center and the rod edge is: 
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Now, due to temperature gradient, the rod is under stress and the fracture will occur when the 
maximum hoop (tangential) stress at the rod surface surpasses the tensile limits which are equal 
to 137.8 MPa for Nd:YAG crystal [19-22].    
 
The formulae for the tangential stress component is given by[23]: 
 

𝜎 =
αTE

1−ν
(

1

b2 ∫ ΔTrdr
b

0
+

1

w2 ∫ ΔTrdr
w

0
 −  ΔT)                                                                                                 (6) 

 
where 𝜎 is the hoop (tangential) stress component.  
 
For a Gaussian Pumping (i.e.n=2), the hoop stress could be written as:  
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While, for a Super-Gaussian pumping (i.e. n=4), the hoop stress is: 
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for n=6 
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for n=16 
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and for n=32 
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3. RESULTS AND DISCUSSION 
 

Before evaluating the fractural thermal stress, we make a comparison with an earlier numerical 
analysis presented by [24] to examine our proposed model and a good agreement was obtained 
as listed in Table 1.  
 
It is clear that the exponent factor has a significant impact on the temperature distributions. 
Hence, the temperature distributions were found to be maximum for a Gaussian pumping (n=2), 
and then decreased for a Super-Gaussian profiles as the temperature distribution tends to be 
more uniform as can be seen in Table 1.  
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Table 1 Comparison between the proposed model and a numerical work 

 

Beam profile 

Maximum Temperature Difference (K) 

Proposed Model Numerical Analysis [24] % error 

Gaussian (n=2) 372 374.4 0.64 

n=4 374.871 373.765 0.29 

n=6 373.333 372.652 0.18 

n=10 370.795 371.761 0.26 

n=30 369.743 368.421 0.35 

 
Figure 2 depicts the temperature gradient of double end Super-Gaussian pumping with different 
exponent factors (n).  

 
 

 
 

Figure 2. Temperature gradient of double end super-Gaussian pumping with different exponent factors 
(n). 

 

It is clear that, the maximum temperature difference is about 372 K and decreased exponentially 
along the rod radius due to intensive absorption power. According to these results, Figure 2 
shows an excellent matching with the same parameters used for a previous earlier work listed by 
[24].     
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Now, according to these results with the help of input parameters mentioned in Table 2, we try 
to calculate the maximum input power that the laser rod can be handled before the fracture 
occurs. By solving Eq. (6), the maximum hoop stress was calculated under the lasing operation 
(i.e. 𝜂ℎ = 32%) utilizing different spot to rod radius , namely pumping ratios (rP) as (1/4,1/3, and 
1/2), respectively as shown in Figure 3 (a,b, and c).  
 

Table 2 Input Laser Parameters. 
 

Poison’s ratio (υ) 0.25 

Fractional heat loading (ηh) 32% and 43% 

Laser rod radius (b) 1.2 mm 

Laser rod length (L) 4 mm 

Absorption coefficient (α) 350 m-1 

Thermal conductivity (Ko) 13 W.m-1.K-1 

Temperature (To) 164.17 K 

Cooling temperature (Tc) 300 K 

Power coefficient of thermal conductivity (m) -0.75 

Heat-transfer coefficient (h) 0.02 W.mm-2.K-1 

Young modulus (E) 310 GPa 

Pump radius (w) 0.3 mm 
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Figure 3. Maximum hoop stresses under lasing operation (ηh=32%) with different exponent factors for 

(a) rP =1/4, (b) rP =1/3, and (c) rP =1/2. 
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Under the non-lasing operation (i.e.𝜂ℎ = 43%), the maximum hoop stress was calculated utilizing 
the same pumping ratio as shown in figure 4 (a,b, and c).  

 
 

 

 

 

 
Figure 4. Maximum hoop stresses under the non-lasing operation (ηh=43%) with different exponent 

factors for (a) rP =1/4, (b) rP =1/3, and (c) rP =1/2. 
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In both cases, the obtained results show that as the exponent factor increased; the maximum hoop 
stress decreased obviously and the prospect for pumping power scaling can be improved before 
the fracture occurred as mentioned in table 3. However, under the lasing operation, the stresses 
were much lower as compared to non-lasing operation and hence the maximum pumping power 
on each face of the rod was 60 W before a fracture occurs at an rP of (1/2).  
 
Table 3 Maximum handling powers (with and without lasing) for different exponent factors and pumping 

ratios 

 

 
Total Pump Power (W) 

Lasing Operation Non-lasing Operation 

Exponent factor n=2 n=4 n=6 n=16 n=32 n=2 n=4 n=6 n=16 n=32 

rP =1/4 12 23 25 48 76 9 17 22 35 56 

rP =1/3 14 28 32 54 90 10 21 26 40 66 

rP =1/2 19 35 45 68 120 14 26 34 52 90 

 
 

4. CONCLUSIONS 
 
This work presents a solution of fracture limit in solid-state lasers by solving conduction heat 
equation analytically using Kirchhoff’s transform method. With the help of super-Gaussian 
pumping profile, the temperature distributions and the maximum hoop stress were evaluated in 
double-end-pumped configuration. The obtained results show that as the exponent factor 
increased, the maximum hoop stress decreased and the pumping power can be improved before 
the fracture occurs. According to the used parameters under the lasing operation, the maximum 
pumping power was 120 W with a pumping ratio (rP) of 1/2.    
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